In this article, we shall extend the formalization of [10] to discuss higher-order partial differentiation of real valued functions. The linearity of this operator is also proved (refer to [10] 
Preliminaries
We use the following convention: m, n denote non empty elements of N, i, j denote elements of N, and Z denotes a set.
One can prove the following propositions: (1) Let S, T be real normed spaces, f be a point of the real norm space of bounded linear operators from S into T , and r be a real number. Suppose 0 ≤ r and for every point x of S such that x ≤ 1 holds f (x) ≤ r · x . Then f ≤ r. (12) For every element x of R j holds x = (reproj(i, x)) ((proj(i, j) )(x)).
Continuity and Differentiability
The following two propositions are true: (13) Let X be a subset of R m and f be a partial function from R m to R n . If f is differentiable on X, then X is open. (14) Let X be a subset of R m and f be a partial function from R m to R n .
Suppose X is open. Then f is differentiable on X if and only if the following conditions are satisfied: (i) X ⊆ dom f, and (ii) for every element x of R m such that x ∈ X holds f is differentiable in x. Let m, n be non empty elements of N, let Z be a set, and let f be a partial function from R m to R n . Let us assume that Z ⊆ dom f. The functor f Z yields a partial function from R m to (R n ) R m and is defined by: (Def. 1) dom(f Z ) = Z and for every element x of R m such that x ∈ Z holds (f Z ) x = f (x). We now state a number of propositions: (15) Let X be a subset of R m and f , g be partial functions from R m to R n .
Suppose f is differentiable on X and g is differentiable on X. Then f + g is differentiable on X and for every element x of R m such that x ∈ X holds ((f + g) X ) x = f (x) + g (x). (16) Let X be a subset of R m and f , g be partial functions from R m to R n .
Suppose f is differentiable on X and g is differentiable on X. Then f − g is differentiable on X and for every element
and r be a real number. Suppose f is differentiable on X. Then r · f is differentiable on X and for every element
Let f be a point of the real norm space of bounded linear operators from
(ii) for every real number r and for every point x of E 1 , · such that x = r holds f (x) = r · p, and (iii) for every point
(19) Let f be a point of the real norm space of bounded linear operators from
Let f be a point of the real norm space of bounded linear operators from 
f is differentiable on X, and (ii) for every element x 0 of R m and for every real number r such that x 0 ∈ X and 0 < r there exists a real number s such that 0 < s and for every element
Suppose X is open and X ⊆ dom f. Then the following statements are equivalent (i) for every element i of N such that 1 ≤ i ≤ m holds f is partially differentiable on X w.r.t. i and f i X is continuous on X,
(ii) f is differentiable on X and for every element x 0 of R m and for every real number r such that x 0 ∈ X and 0 < r there exists a real number s such that 0 < s and for every element x 1 of R m such that x 1 ∈ X and |x 1 − x 0 | < s and for every element v of R m holds |f ( (31) Let f be a partial function from R m to R n and x be an element of R m . If f is continuous in x, then −f is continuous in x.
(32) Let f be a partial function from R m to R n and x be an element of R m . If f is continuous in x, then |f | is continuous in x.
(33) Let Z be a set and f , g be partial functions from R m to R n . Suppose f is continuous on Z and g is continuous on Z. Then f + g is continuous on Z and f − g is continuous on Z.
(34) Let r be a real number and f , g be partial functions from R m to R n . If f is continuous on Z, then r · f is continuous on Z.
(35) For all partial functions f , g from R m to R n such that f is continuous on Z holds −f is continuous on Z.
(36) Let f be a partial function from R i to R and x 0 be an element of R i . Then f is continuous in x 0 if and only if the following conditions are satisfied: (i) x 0 ∈ dom f, and (ii) for every real number r such that 0 < r there exists a real number s such that 0 < s and for every element x of R i such that x ∈ dom f and Let m be a non empty element of N, let Z be a set, and let f be a partial function from R m to R. We say that f is continuous on Z if and only if:
We now state a number of propositions:
(42) Let f be a partial function from R m to R and g be a partial function from E m , · to R. Suppose f = g. Then Z ⊆ dom f and f is continuous on Z if and only if g is continuous on Z.
(43) Let f be a partial function from R m to R and g be a partial function from Suppose f is differentiable in x and g is differentiable in x. Then f + g is differentiable in x and (f + g) (x) = f (x) + g (x) and f − g is differentiable in x and (f − g) (x) = f (x) − g (x). (52) Let f be a partial function from R m to R, r be a real number, and
x be an element of R m . Suppose f is differentiable in x. Then r · f is differentiable in x and (r · f ) (x) = r · f (x).
Let Z be a set, let m be a non empty element of N, and let f be a partial function from R m to R. We say that f is differentiable on Z if and only if: (Def. 3) For every element x of R m such that x ∈ Z holds f Z is differentiable in x. Next we state three propositions: (53) Let f be a partial function from R m to R and g be a partial function from R m to R 1 . Suppose f = g. Then Z ⊆ dom f and f is differentiable on Z if and only if g is differentiable on Z. (54) Let X be a subset of R m and f be a partial function from R m to R.
Suppose X ⊆ dom f and X is open. Then f is differentiable on X if and only if for every element x of R m such that x ∈ X holds f is differentiable in x. (55) Let X be a subset of R m and f be a partial function from R m to R. If X ⊆ dom f and f is differentiable on X, then X is open. Let m be a non empty element of N, let Z be a set, and let f be a partial function from R m to R. Let us assume that Z ⊆ dom f. The functor f Z yields a partial function from R m to R R m and is defined by: (Def. 4) dom(f Z ) = Z and for every element x of R m such that x ∈ Z holds (f Z ) x = f (x). One can prove the following four propositions: (56) Let X be a subset of R m , f be a partial function from R m to R, and g be a partial function from R m to R 1 . Suppose f = g and X ⊆ dom f and f is differentiable on X. Then g is differentiable on X and for every element
57) Let X be a subset of R m and f , g be partial functions from R m to R.
Suppose X ⊆ dom f and X ⊆ dom g and f is differentiable on X and g is differentiable on X. Then f + g is differentiable on X and for every element
58) Let X be a subset of R m and f , g be partial functions from R m to R.
Suppose X ⊆ dom f and X ⊆ dom g and f is differentiable on X and g is differentiable on X. Then f − g is differentiable on X and for every element
59) Let X be a subset of R m , f be a partial function from R m to R, and r be a real number. Suppose X ⊆ dom f and f is differentiable on X. Then r · f is differentiable on X and for every element
Let m be a non empty element of N, let Z be a set, let i be an element of N, and let f be a partial function from R m to R. We say that f is partially differentiable on Z w.r.t. i if and only if: (Def. 5) Z ⊆ dom f and for every element x of R m such that x ∈ Z holds f Z is partially differentiable in x w.r.t. i. Let m be a non empty element of N, let Z be a set, let i be an element of N, and let f be a partial function from R m to R. Let us assume that f is partially differentiable on Z w.r.t. i. The functor f i Z yields a partial function from R m to R and is defined as follows: (Def. 6) dom(f i Z) = Z and for every element x of R m such that x ∈ Z holds (f i Z) x = partdiff(f, x, i).
Next we state several propositions: (60) Let X be a subset of R m and f be a partial function from R m to R.
Suppose X is open and 1 ≤ i ≤ m. Then f is partially differentiable on X w.r.t. i if and only if X ⊆ dom f and for every element x of R m such that x ∈ X holds f is partially differentiable in x w.r.t. i. (63) Let X be a subset of R m and f be a partial function from R m to R.
(ii) f is differentiable on X and for every element x 0 of R m and for every real number r such that x 0 ∈ X and 0 < r there exists a real number s such that 0 < s and for every element x 1 of R m such that x 1 ∈ X and |x 1 − x 0 | < s and for every element v of R m holds |f ( Suppose that
, and
(66) Let X be a subset of R m and f , g be partial functions from R m to R.
Suppose that
(iv) f is partially differentiable on X w.r.t. i, and (v) g is partially differentiable on X w.r.t. i.
(67) Let X be a subset of R m , r be a real number, and f be a partial function from R m to R. Suppose X is open and 1 ≤ i ≤ m and f is partially differentiable on X w.r.t. i.
(68) Let X be a subset of R m and f , g be partial functions from R m to R.
Suppose
Higher-Order Partial Differentiation
Let m be a non empty element of N, let Z be a set, let I be a finite sequence of elements of N, and let f be a partial function from R m to R. The functor PartDiffSeq(f, Z, I) yielding a sequence of partial functions from R m into R is defined by: Let m be a non empty element of N, let Z be a set, let I be a finite sequence of elements of N, and let f be a partial function from R m to R. We say that f is partially differentiable on Z w.r. Let m be a non empty element of N, let f be a partial function from R m to R, let k be an element of N, and let Z be a set. We say that f is partial differentiable up to order k and Z if and only if the condition (Def. 10) is satisfied. Suppose that (i) X is open, (ii) f is partial differentiable up to order i and X, and (iii) g is partial differentiable up to order i and X.
Then f + g is partial differentiable up to order i and X and f − g is partial differentiable up to order i and X. (81) Let X be a subset of R m , f be a partial function from R m to R, and r be a real number. Suppose X is open and f is partial differentiable up to order i and X. Then r · f is partial differentiable up to order i and X. (82) Let X be a subset of R m . Suppose X is open. Let i be an element of N and f , g be partial functions from R m to R. Suppose f is partial differentiable up to order i and X and g is partial differentiable up to order i and X. Then f · g is partial differentiable up to order i and X.
